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Abstract
In this paper the inverse problem of ﬁnding the time-dependent coeﬃcient of heat
capacity together with the solution of heat equation with nonlocal boundary
conditions is considered. Under some natural regularity and consistency conditions
on the input data, the existence, uniqueness and continuous dependence upon the
data of the solution are shown. Some considerations on the numerical solution for
this inverse problem are presented with an example.
1 Introduction
Denote the domain D by
D := { < x < ,  < t < T}.
Consider the equation
ut = uxx – p(t)u + f (x, t,u) ()
with the initial condition
u(x, ) = ϕ(x), x ∈ [, ], ()
the nonlocal boundary condition
u(, t) = , ux(, t) = ux(, t), t ∈ [,T], ()
and the integral overdetermination data
∫ 

u(x, t)dx = E(t), ≤ t ≤ T , ()
for a quasilinear parabolic equation with the nonlinear source term f = f (x, t,u).
The functions ϕ(x) and f (x, t,u) are given functions on [, ] and D¯× (–∞,∞), respec-
tively.
The problem of ﬁnding the pair {p(t),u(x, t)} in ()-() will be called an inverse problem.
©2014 Kanca and Baglan; licensee Springer. This is an Open Access article distributed under the terms of the Creative Commons
Attribution License (http://creativecommons.org/licenses/by/2.0), which permits unrestricted use, distribution, and reproduction
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Deﬁnition  The pair {p(t),u(x, t)} from the class C[,T]× (C,(D)∩C,(D)), for which
conditions ()-() are satisﬁed and p(t) ≥  on the interval [,T], is called the classical
solution of inverse problem ()-().
The problem of identifying a coeﬃcient in a nonlinear parabolic equation is an interest-
ing problem for many scientists [–].
Inverse problems for parabolic equations with nonlocal boundary conditions are inves-
tigated in [, ]. This kind of conditions arise from many important applications in heat
transfer, life sciences, etc. In [], also the nature of () type boundary conditions is demon-
strated.
These kind of conditions such as () arise from many important applications in heat
transfer, thermoelasticity, control theory, life sciences, etc. For example, in heat propaga-
tion in a thin rod, in which the law of variation E(t) of the total quantity of heat in the rod
is given in [].
The paper organized as follows.
In Section , the existence and uniqueness of the solution of inverse problem ()-() are
proved by using the Fourier method and the iteration method. In Section , continuous
dependence upon the data of the inverse problem is shown. In Section , the numerical
procedure for the solution of the inverse problem is given.
2 Existence and uniqueness of the solution of the inverse problem
Consider the following system of functions on the interval [, ]:
X(x) = x, Xk–(x) = x cos(πkx), Xk(x) = sin(πkx), k = , , . . . ,
Y(x) = , Yk–(x) =  cos(πkx), Yk(x) = ( – x) sin(πkx), k = , , . . . .
The systems of these functions arise in [] for the solution of a nonlocal boundary value
problem in heat conduction. It is easy to verify that the systems of functions Xk(x) and
Yk(x), k = , , , . . . , are biorthonormal on [, ]. They are also Riesz bases in L[, ] (see
[, ]).
The main result on the existence and uniqueness of the solution of inverse problem ()-
() is presented as follows.
We have the following assumptions on the data of problem ()-():
(A) E(t) ∈ C[,T], E(t) > , E′(t)≤ .
(A) (A) ϕ(x) ∈ C[, ],
(A) ϕ() = , ϕ′() = ϕ′(), ϕ′′() = .
(A) (A) Let the function f (x, t,u) be continuous with respect to all arguments in D¯ ×
(–∞,∞) and satisfy the following condition:
∣∣∣∣∂ (n)f (x, t,u)∂xn – ∂ (n)f (x, t, u˜)∂xn
∣∣∣∣≤ b(t,x)|u – u˜|, n = , , ,
where b(x, t) ∈ L(D), b(x, t)≥ .
(A) f (x, t,u) ∈ C[, ], t ∈ [,T],
(A) f (x, t,u)|x= = , fx(x, t,u)|x= = fx(x, t,u)|x=, fxx(x, t,u)|x= = ,
(A) f(t)≥ , ∀t ∈ [,T],









f (x, t,u)Yk(x)dx, k = , , , . . . .
By applying the standard procedure of the Fourier method, we obtain the following rep-










f (ξ , τ ,u)e–
∫ t

















f (ξ , τ ,u) cosπkξe–(πk)(t–τ )–
∫ t






















f (ξ , τ ,u)( – ξ ) sinkξe–(πk)(t–τ )–
∫ t













f (ξ , τ ,u)(t – τ ) cosπkξe–(πk)(t–τ )–
∫ t










f (ξ , τ ,u)ξe–
∫ t















f (ξ , τ ,u)( – ξ ) sinπkξe–(πk)(t–τ )–
∫ t









f (ξ , τ ,u)(t – τ ) cosπkξe–(πk)(t–τ )–
∫ t














f (ξ , τ ,u) cosπkξe–(πk)(t–τ )–
∫ t








∂x converge uniformly in D
since their majorizing sums are absolutely convergent. Therefore their sums u(x, t) and









convergent for t ≥ ε >  (ε is an arbitrary positive number). In addition, ut(x, t) is continu-




∂t is absolutely convergent under conditions
(A) and (A). Diﬀerentiating () under condition (A), we obtain
∫ 

ut(x, t)dx = E′(t), ≤ t ≤ T . ()
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Equations () and () yield
p(t) = E(t)
[
–E′(t) +  f(t)
]
. ()






u(t),uk(t),uk–(t),k = , . . . ,n
}






















p(t) ∈ C[,T] : p(t)≥ },
‖p(t)‖ =max≤t≤T |p(t)| be the norm in B.
It can be shown that B and B are the Banach spaces.
Theorem  Let assumptions (A)-(A) be satisﬁed. Then inverse problem ()-() has a
unique solution.
Proof An iteration for () is deﬁned as follows:
u(N+) (t) = u
()











τ p(N)(s)ds dξ dτ ,













τ p(N)(s)ds dξ dτ ,
u(N+)k (t) = u
()







ξ , τ ,u(N)
)
( – ξ ) sinπkξe–(πk)(t–τ )–
∫ t








ξ , τ ,u(N)
)
(t – τ ) cosπkξe–(πk)(t–τ )–
∫ t
τ p(N)(s)ds dξ dτ ,
()
where N = , , , . . . and
u() (t) = ϕe–
∫ t








From the conditions of the theorem, we have u()(t) ∈ B and p() ∈ B.
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Let us write N =  in ().
u() (t) = u
()







ξ , τ ,u()
)
dξ dτ .




 f (ξ , τ , )dξ dτ to and from both sides of the last equa-
tion, we obtain










ξ , τ ,u()(ξ , τ )
)







f (ξ , τ , )dξ dτ .
Applying the Cauchy inequality and the Lipschitz condition to the last equation and
taking the maximum of both sides of the last inequality yields the following:
max
≤t≤T










ξ , τ ,u()
)
– f (ξ , τ , )
]






f (ξ , τ , ) cosπkξe–(πk)(t–τ ) dξ dτ .
Applying the Cauchy inequality, the Hölder inequality, the Bessel inequality, the Lips-
















∥∥f (x, t, )∥∥L(D).


























)∥∥f (x, t, )∥∥L(D).
Finally, we have the following inequality:



































)∥∥f (x, t, )∥∥L(D).
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Hence u()(t) ∈ B. In the same way, for a general value of N , we have



































)∥∥f (x, t, )∥∥L(D).





u(t),uk(t),uk–(t),k = , , . . .
} ∈ B.


























Applying the Cauchy inequality,
∥∥p()(t)∥∥B ≤
∣∣∣∣–E′(t)E(t)
∣∣∣∣ + E(t)∥∥b(x, t)∥∥L(D)∥∥u()(t)∥∥B + E(t) ∣∣f (x, t, )∣∣.
Hence p()(t) ∈ B. In the same way, for a general value of N , we have
∥∥p(N)(t)∥∥B ≤
∣∣∣∣–E′(t)E(t)
∣∣∣∣ + E(t)∥∥b(x, t)∥∥L(D)∥∥u(N)(t)∥∥B + E(t) ∣∣f (x, t, )∣∣,
we deduce that p(N)(t) ∈ B.
Now we prove that the iterations u(N+)(t) and p(N+)(t) converge as N → ∞ in B and
B, respectively.











ξ , τ ,u()(ξ , τ )
)
– f (ξ , τ , )
]

















ξ , τ ,u()(ξ , τ )
)
– f (ξ , τ , )
]






f (ξ , τ , )e–(πk)(t–τ ) cosπkξ dξ dτ ,
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ξ , τ ,u()(ξ , τ )
)
– f (ξ , τ , )
]















ξ , τ ,u()(ξ , τ )
)
– f (ξ , τ , )
]






(t – τ )f (ξ , τ , )e–(πk)(t–τ ) cosπkξ dξ dτ .
Applying the Cauchy inequality, the Hölder inequality, the Lipschitz condition and the
Bessel inequality to the last equation, we obtain











































)∥∥f (x, t, )∥∥L(D),
u() (t) – u
()







































































u()k (t) – u
()
























ξ , τ ,u()(ξ , τ )
)
( – ξ ) sinπkξe–(πk)(t–τ )


















τ p()(s)ds cosπkξ dξ dτ







(t – τ )f
(
ξ , τ ,u()(ξ , τ )
)
e–(πk)(t–τ )
× [e– ∫ tτ p()(s)ds – e– ∫ tτ p()(s)ds] cosπkξ dξ dτ .
Applying the Cauchy inequality, the Hölder inequality, the Lipschitz condition and the
Bessel inequality to the last equation, we obtain






















|T |∥∥f (x, t, )∥∥L(D)∥∥p() – p()∥∥B ,










ξ , τ ,u()
)]
dξ .
Applying the Cauchy inequality and the Lipschitz condition to the last equation, we
obtain























∥∥b(x, t)∥∥L(D)∥∥u()(t) – u()(t)∥∥B ,













u() (t) – u
()



























































ξ , τ ,u()(ξ , τ )
)
cosπkξe–(πk)(t–τ )
× [e– ∫ tτ p()(s)ds – e– ∫ tτ p()(s)ds]dξ dτ ,
u()k (t) – u
()
























ξ , τ ,u()(ξ , τ )
)
( – ξ ) sinπkξe–(πk)(t–τ )














ξ , τ ,u()(ξ , τ )
)]










(t – τ )f
(
ξ , τ ,u()(ξ , τ )
)
e–(πk)(t–τ )
× [e– ∫ tτ p()(s)ds – e– ∫ tτ p()(s)ds] cosπkξ dξ dτ .
Applying the Cauchy inequality, the Hölder inequality, the Lipschitz condition and the
















b(ξ , τ )

















∣∣p()(τ ) – p()(τ )∣∣ dξ dτ)  ,


















b(ξ , τ )
∣∣u()(τ ) – u()(τ )∣∣ dξ dτ)  ,






































































b(ξ , τ )dξ dτ
)
.






















b(ξ , τ )dξ dτ
)
.
For N , we have
∥∥p(N+) – p(N)∥∥B ≤
∣∣∣∣ E(t)
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Using (A)-(A) and the comparison test, we deduce from () that the series∑∞
N=[u(N+)(t)–u(N)(t)] is uniformly convergent to an element ofB. However, the general
term of the sequence {u(N+)(t)} may be written as







So the sequence {u(N+)(t)} is uniformly convergent to an element of B because the sum
on the right-hand side is theN th partial sum of the aforementioned uniformly convergent
series.
It is easy to see that if u(N+) → u(N), N → ∞, then p(N+) → p(N), N → ∞.
Therefore u(N+)(t) and p(N+)(t) converge in B and B, respectively.
Now let us show that there exist u and p such that
lim
N→∞u
(N+)(t) = u(t), lim
N→∞p
(N+)(t) = p(t).



































|T |∥∥p(τ ) – p(N)(τ )∥∥B∥∥f (x, t,u)∥∥L(D), ()





b(ξ , τ )






b(ξ , τ )
∣∣u(N+)(τ ) – u(N)(τ )∣∣ dξ dτ)  . ()
Applying Gronwall’s inequality to () and using inequalities () and (), we have





































When N → ∞, we obtain u(N+) → u. Hence p(N+) → p.
For the uniqueness, we assume that problem ()-() has two solution pairs (p,u), (q, v).
Applying the Cauchy inequality, the Hölder inequality, the Lipschitz condition and the
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Bessel inequality to |u(t) – v(t)| and |p(t) – q(t)|, we obtain































b(ξ , τ )
∣∣u(τ ) – v(τ )∣∣ dξ dτ)  ,





b(ξ , τ )
∣∣u(τ ) – v(τ )∣∣ dξ dτ)  , ()






























b(ξ , τ )
∣∣u(τ ) – v(τ )∣∣ dξ dτ)  .
Applying the Gronwall inequality to (), we have u(t) = v(t). Hence p(t) = q(t).
The theorem is proved. 
3 Continuous dependence of (p,u) upon the data
Theorem  Under assumptions (A)-(A), the solution (p,u) of problem ()-() depends
continuously upon the data ϕ, E.
Proof Let  = {ϕ,E, f } and  = {ϕ,E, f } be two sets of the data, which satisfy the assump-
tions (A)-(A). Suppose that there exist positive constantsMi, i = , , , such that
 <M ≤ |E|,  <M ≤ |E|, ‖E‖C[,T] ≤M, ‖E‖C[,T] ≤M,
‖ϕ‖C[,] ≤M, ‖ϕ‖C[,] ≤M.
Let us denote ‖‖ = (‖E‖C[,T] + ‖ϕ‖C[,] + ‖f ‖C,(D)). Let (p,u) and (p,u) be solu-
tions of inverse problem ()-() corresponding to the data  = {ϕ,E, f } and  = {ϕ,E, f },
respectively. According to (), we have
u(t) – u(t) = (ϕ – ϕ)e–
∫ t












































ξ cosπkξ (ϕk– – ϕk–)e–(πk)











sinπkξ (ϕk – ϕk)e–(πk)













kt sinπkξ (ϕk– – ϕk–)e–(πk)






















ξ , τ ,u(ξ , τ )
)]
( – ξ ) sinπkξ
× e–(πk)(t–τ )–
∫ t










ξ , τ ,u(ξ , τ )
)
( – ξ ) sinπkξe–(πk)(t–τ )
















ξ , τ ,u(ξ , τ )
)]
( – ξ ) sinπkξ
× e–(πk)(t–τ )–
∫ t










ξ , τ ,u(ξ , τ )
)
( – ξ ) sinπkξe–(πk)(t–τ )
















ξ , τ ,u(ξ , τ )
)]
(t – τ ) cosπkξ
× e–(πk)(t–τ )–
∫ t











ξ , τ ,u(ξ , τ )
)
(t – τ ) cosπkξe–(πk)(t–τ )
× [e– ∫ tτ p(s)ds – e– ∫ tτ p(s)ds]dξ dτ ,

































b(ξ , τ )
∣∣u(τ ) – u(τ )∣∣ dξ dτ)  .
Now let us estimate the diﬀerence p – p.













f (ξ , τ ,u)dξ ,




















f (ξ , τ ,u)dξ .
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Applying the Cauchy equation, we have





b(ξ , τ )
∣∣u(τ ) – u(τ )∣∣ dξ dτ)  ,
whereMk , k = ,, are constants that are determined byM,M andM. Finally, we obtain
∥∥p(t) – p(t)∥∥B ≤M
(





b(ξ , τ )
∣∣u(τ ) – u(τ )∣∣ dξ dτ) ).
If we take this estimation in (), we get




b(ξ , τ )
∣∣u(τ ) – u(τ )∣∣ dξ dτ)  ,




b(ξ , τ )
∣∣u(τ ) – u(τ )∣∣ dξ dτ)  ,




b(ξ , τ )
∣∣u(τ ) – u(τ )∣∣ dξ dτ).
Applying the Gronwall inequality, we obtain




b(ξ , τ )dξ dτ
)
.
Taking the maximum of the inequality, we have





b(ξ , τ )dξ dτ
)
.
If →, then u→ u. Hence p→ p. 
4 Numerical procedure for nonlinear problem (1)-(4)









, (x, t) ∈D, ()
u(n)(, t) = , t ∈ [,T], ()
u(n)x (, t) = u(n)x (, t), t ∈ [,T], ()
u(n)(x, ) = ϕ(x), x ∈ [, ]. ()





∂x – p(t)v(x, t) + f˜ (x, t), (x, t) ∈D, ()
v(, t) = , t ∈ [,T], ()
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vx(, t) = vx(, t), t ∈ [,T], ()
v(x, ) = ϕ(x), x ∈ [, ]. ()
We use the ﬁnite diﬀerence method to solve ()-() with a predictor-corrector type ap-
proach which was explained in [].
We subdivide the intervals [, ] and [,T] into subintervals Nx and Nt of equal lengths
h = Nx and τ =
T
Nt , respectively. Then we add two lines x =  and x = (Nx + )h to gen-
erate the ﬁctitious points needed for dealing with the boundary conditions. We choose
the implicit scheme that is absolutely stable and has a second-order accuracy in h and a
















– pj+vj+i + f˜
j+
i , ()
vi = φi, ()






where ≤ i≤Nx and ≤ j≤Nt are the indices for the spatial and time steps, respectively,
vji = v(xi, tj), φi = ϕ(xi), f˜
j
i = f˜ (xi, tj), xi = ih, tj = jτ . At the level t = , adjustment should be
made according to the initial condition and the compatibility requirements.
The system of equations ()-() can be solved by the Gauss elimination method, and
vj+i is determined.
5 Numerical example
Example  Consider inverse problem ()-() with





, E(t) =  exp(–t), x ∈ [, ], t ∈ [,T].













Let us apply the scheme which was explained in the previous section to the step sizes
h = ., τ = ..
In the case when T = , the comparisons between the analytical solution () and the
numerical ﬁnite diﬀerence solution are shown in Figures  and .
It is clear from these results that this method has been shown to produce stable and
reasonably accurate results for these examples.
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Figure 1 The analytical and numerical solutions of p(t) when T = 1. The analytical solution is shown with
dashed line.
Figure 2 The analytical and numerical solutions of u(x, t) at the T = 1. The analytical solution is shown
with dashed line.
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